MESSENGER OF MATHEMATICS. 


ON A CLASS OF FUNCTIONS DERIVABLE FROM 
THE COMPLETE ELLIPTIC INTEGRALS, AND 
CONNECTED WITH LEGENDRE’S 
FUNCTIONS. 


By the late Joseph Kleber. 


I. 
Theory of associated functions. 
Transformation of the linear differential equation of the second 
order, $1 
$1. Consider the MM s 
i 
dx“ 


If in this equation .N — 0, it reduces to an equation of the 
first order. 


N 


p Pe pt Uy D  cnoaconeste soo JIE 


WE. " » 
If Q=0, the substitution =e reduces this equation to 


one of the first order in z. 

We shall suppose in the future that neither N nor Q 
are equal to 0. 

This differential equation may be transformed to the 


following form : 
d (1 A 
9. tk da = Ly *esaottstdossasonsa (2), 


where A and Z are some functions of x, which may be found, 
when .N, P, and @ are given, by means of algebraical 
operations and one integration. 
For, developing the expression in brackets in (2), we have 
Leya URGET So 
Ano Ausus ees 
YOL. XXII. B 
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whence, by comparison with the given equation (1), we find 


P" 

= fed. 
Hec 4e. echo NM (8), 
"NETUS " 
L RN Se e 4), 


C being an arbitrary constant. Again, if A and L be given, 
we have 


The associated function y, $ 2. 


$2. We introduce a new function 5, connected with y 
by the differential relation 


1 dy 

eee 
The equation (2) gives then 

dn 

= = Ly. 

de A 


Thus y and y are mutually connected by the symmetric 
equations 


prm An sessosebpcosqaotovescceececeooe (6), 
dy 
de LY eee (7) 


Differential equation satisfied by the associated function, § 3. 
§ 3. Differentiating (7) and substituting in the right-hand 
side of the a of differentiation for y and 4 their values 
expressed in EA and y from (6) and (7), we find the following 


differential equation of the second order satisfied by the 
function g, 


dn 
en N, Jp tPF t 9090 sess vei); 
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where the new functions N,, P,, Q, are 


N:B:Q 21:775 ¿— LA, 
or else 
P, 
a ae Bice 
A=— Q, = ARS 
NL C , z 


C, being a new arbitrary constant. It will be noticed that 
the equations of this section are in strict analogy with those 
of 8 1. 


The relation of association, $ 4. 


$4. The differential equation (8) may be presented in the 


form 
d (1 dn 
E Iz Zane goaa RO) 


in which it appears to be analogous to (2). We shall call 
the function y associated to y. It is obvious that to every 
Junction satisfying a linear differential equation of the form (2) 
corresponds an associated function, satisfying a diferential 
equation of the same form; also that there is only one such 
Function; and that the relation of association is mutual, 4. e. 
af m ts associated to Y, y. ts associated to y. We shall er 
fore say in future that y is associated with y. 


Examples of associuted functions, $ 5. 


$5. The simplest case of associated functions is presented 
by the circular functions sin and cos. For we have 


Kis a cos 6, 


d0 
d de 
dp ee sin Ó. 
Thus, if we put A TA O oval), 
PQ COVEY — soceoavoooyoocaconoa((iltl)'. 


B3 
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we shall have Y - cn, 


dn 
de^ ^ Y 
d.e. Azo, L=—e. 
Another simple case of associated functions is presented 
by the hyperbolic sine and cosine. Put generally 


y = la (65? + er) DTI (12), 
n= ha (e —679) ...............-- (13). 
Then we have Yo cn, 
dy _ 
dw 
Thus, here Azo, L=e 


As a third example of associated functions, we take the 
complete elliptic integrals X and Æ, where 


T dé 
x-[ A E sin'8) cn CO» 


E- [^ va UY PRI TO 


Considering these as functions of k, we have 


dK TG 
= [IIT TTIXIII [IITIEIIIIII (163 
ak ip (18), 
de 
de =kK rrrconsorsommon... ... (17), 
where we have put, with Dr. Glaisher, 
Go2E-—EK'E....... e ...(18) 


Thus K and Q are associated functions, and we have in 
this case 


1 
A="? L=ck 
At the same time we have 
dE I 
dk = E IIT IITTTTITTITIT] (19), 
dl k 
ae eae E .Hrerrpnecrnirrron.... (20), 
where Fa BK T €— (21). 


www.rcin.org.pl 


THE COMPLETE ELLIPTIC INTEGRALS. 5 


Thus £ and J are associated functions, and for them 

ck 

i . 

Dr. Glaisher has introduced in some of his investigations* 


(besides G and J) another new combination of the elliptic 
integrals K and E, which he denotes by W, viz. 


PETT) estoit (22), 


Again, I have considered in a paper published in the 
Messenger in 1889 the quantity H defined by the equation 


A=Z, L=- 


Hoznze-I1.......-.-..---- ».. (28). 
By differentiation of W and H we find easily the following 
relations 
dw H 
2 un eo 2n DIDI secotosson (24), 
dH 
dk = 6k W DIDDIDIDIIDIIID ton... (25) 


Thus W and N are also associated functions, where 


1 
A--a L= bck. 


New form of the differential equation and the relations of 


association, $ 6. 


$6. It may easily be shown that, by the change of the 
independent variable only, the quantities A, L may be 
transformed so as to satisfy the relation 


A ‘ L -—— €, 
c being any constant. For, taking 
z= (2), 
H^ fone 
we have 27991 


a , AY > ” 
ELL, 


* “On the quantities K, E, J, G, K', E”, J', G' in Elliptic Functions,” 
Quarterly Journal of Mathematics, Vol. xx. No. 80. The quotations below refer 
to this paper. 
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and thus in: (1) becomes 
Nr + (va) 4 PHZ  Qy =0, 


d 
or N, T 


N,, P, Q,, being the results of the substitution of z instead of a 
in the differential equation. Thus, from the relation 


h 
+P Z+ Qy=0, 


za=-9, 


we have, if LA must be equal to — c, 


go 
Ne t 
or z=ġ(xz)= (63 A o (26), 
Q.E.F. 


In the example of the preceding section, we have for the 
elliptic integrals 


¿=$ (k) = E mars. 


Thus, if we take the modular angle 0 as the independent 
variable, we shall have A — c, and in fact we find 


Ko 2G cec20 PARA eee (27), 
a My TI sn298 con (28), 
= oF Wee cn ea (29), 
a 25.7 0 ee (30), 
ae = Hceo20 enero (31), 
2d ad 297 cin Lo we (32). 
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Hypergeometric functions, $ 7. 


§7. The examples given above are particular cases of the 
following general theorem. 

The function associated with a hypergeometric function ds 
also a hypergeometric function. 

I designate here by the name of hypergeometric function 
a function satisfying the differential equation of the second 


order 
d dy, 
X = XT Xy =0 usse (38), 

X, X, X, being integral algebraical functions of X re- 
spectively of the second, first, and 0% order in X, We shall 
not have to deal with hypergeometric functions of higher 
orders, as in the whole of the present paper we are concernéd 
only with equations of the second order. 

It is known that a hypergeometric function may be repre- 
sented by Gauss’ hypergeometric series 


Se eo ru DIRAS aol) a T 
F(a, B, y, 2)=1+ ET PAL) (Se. 
We shall prove that if y = F (a, 8, y, x), the associated 
function y is also = F (a, 8,, Y 2), the elements a, 8,, y, of 
the second series being connected with those of the first by 
means of some simple relations which we shall find. 
The general equation of the hypergeometric series is 


¿10 + [y (a+ B 4 1) 2) - a8y =0...(85). 


Thus we have 
N:P:Qoz(r—1):y— (a4 8 -1)2:—a8 


alogA _ 
= E - AL, 
whence AS (e) ecooooonut "itn (36), 
vide iic escas ere (37), 


where 6=2+8 +1, and 
N vP:Q =e(i—a):1- y+ (a4. 8-1) a: —af. 
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Thus the associated function y satisfies the differential 
equation 


.d d 
æ (1-2) cat [y — (a, 4- 8,+1) 2] Z — 0,8, = 0...(38), 


where the new elements a,, £, y, are connected with the old 


a, 8, y by the symmetric relations 


aber ES. oaonooconaocoanc paocoo; (39), 
fe) di (8, =) cococencsnoscooncnn6e (40), 
yTty, 1l... Tm sees (LIO: 


There is one exception to this rule, viz., when y —1; for 
in this case y, — 0, and the associated function is not a hyper- 
geometric series, the symbol 

F (a, By y, 2) 
having no meaning for y=0 (as also for y= any negative 
integer). 

The hypergeometric series is finite, 7.e. represents an 
integral algebraic function, if one of the interchangeahle 
elements a, 8 is a negative integer; both y and y are integral 
algebraic functions if one of the elements a, 8 is a positive, 
the other a negative integer. 


On the roots of associated functions, § 8. 


§8. Theorem. Associated functions have common multiple 
roots. Suppose z, to be a root of y, repeated r times; then 
we have for this value of z, 

dy d'y dy 


y=0, NS, q ...y dpi 


put from (6) and (7) we find that in this case we have also 


dn d'n dy 
Dra Oy pr MO dividi ares mmo, 


1.e., e, is also a root of repeated r times. 


y=0 0 


Differential equation satisfied by the sum of two associated 
functions, each multiplied by any function of x, $ 9. 


§9. The sum of two associated functions, each multiplied 
by an arbitrary function of z, satisfies a differential equation 
of the same form as that satisfied by the functions themselves, 


THE COMPLETE ELLIPTIC INTEGRALS. 9 
Let 
I. hy + JB) scooeoeangeecnocncoon (42); 
R and P being some functions of x. Differentiating, we have 
du d ip le c UE 


y 
dz -H P ty + ? dz 


dP 
= (pz 25) y (nh 7) m 
hortl Be Ry +P 43 
or shortly T Ey t Pin (13) 
In the same way we find 
du 
qv 24 T Dn ODDOgOUOCOQD todoo (44); 


eliminating from these three linear paw y and 9, we 
2 


d'u 


shall have a linear relation between AE Js , and = d? of the form 
5 du 
wets Pt QUE yey 


Q. E. D. 


Differential equation of the first order satisfied by the ratio of 


two associated functions, § 10. 


$ 10. The ratio of the associated functions satisfying a 
differential equation of the first order and second degree (in 
the dependent variable) which we shall presently deduce. Let 


3 7] 
=2 a ocea carene (0) 
u y” v j (46) 


We have 
du idy uld 
IM dE cS Sca TETTEY (47), 
Ru C NEU Mp (48) 
m -. (48), 


mi. QE uh 
thus u and v satisfy the differential equations 


du ; E 
Tet LY cem) ra Sobacoon LS): 
ZU si so A: (SODA 


10 MR. KLEIBER, FUNCTIONS DERIVABLE FROM 
II. 


Application of the theory of associated functions to a 
special case. 


The complete elliptic integral K and Legendre's functions, § 11. 


$ 11. It is known that Legendre's function P, (a) satisfies 
the differential equation of the second order, 


AP, dB, 
(1-1) 7-72 +n(n+1)2=0 eo... (5D. 


If we transform this equation to the new independent 
variable & by means of the relation 


Dell AL. cun (52), 
we find 


L] 
&(1 - E) SE + (1-8) E 4 dn (1) KP, =0 .. (89). 


This gives for 


n=-) eo eeoeresences (OD) 


the equation 


k(1- E) A kPa 0 usus (55). 


gu dP 
i ae 
Again, from the theory of elliptic integrals we know that 
K satisfies the differential equation 


ak AOK 
jg *ü- 3h"), ~ kK =0_ ...(56), 


whence we see that K may be considered as a special case of 
Legendre's function, viz. 


kA- H) 


If we take the modular angle as the independent variable, 
the differentia] equation satisfied by X is 

dK di 

dé +2 cot 20 d6 


Again, if we take the angle $ whose cosine— x as tho 
independent variable in the equation satisfied by P, we find 


d* 
dp 


cV ES) oeooadiiodoc (58). 
P+ coté rr n(n1) P0 Pac00b04 (59). 
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THE COMPLETE ELLIPTIC INTEGRALS. 11 


These equations coincide for » = — 3, and 
aS), 
The complementary elliptic integral X” corresponds to 
Legendre’s function of the second kind, usually denoted 


by Q, For the sake of symmetry, I shall denote this second 
solution by P’. Thus, the general solution of the equation 


(51) is 


p COMAS (60), 
as also the general solution of (56) is 
gu o RU oe ome A (61). 


The funtion associated with Legendre’s function, § 12. 


§12. We have already indicated in §5 the function G 
associated with K. We shall now consider a general function 
R,, associated with P,, which shall become identical with 
G for n2— 1. 

Writing the differential equation satisfied by P, in the 


form y 
d 2 ap, eem 
ác ES M (62), 


we see that the associated function E, is connected with 
P, by the relation 


„ dP, 
(1-27) E (Jr. GenabhosooocoaKae (63), 
c being an arbitrary constant. Thus we have 
a P. oR A 
ars = p m boonueoo6odo OanoodoH (64 h 
dR, n (n 4- 1) PPM 
"Gic =- ER dich tte. m....... 500), 


and the new function R, satisfies the differential equation 


as * -- n (n4 1) BR — 0......... (66) ; 
for z=1 — 2h’, n=—4 we have 
7 CA ; y LU > 
A= 6) a UE -k 22 ra= Qe. ees (67), 
or also 
d'a dG n 7 
"dé = 2 cot 28 de o G -— 0 e*sí2046020822* (68), 
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in which form it appears very much like the equation 
d'K DONE ou. a 
dé —200t20 75 TK 0... G 


satisfied by K. 
The complete solution of the equation (67) is 


ÓN keee (ON 
G' being the complimentary function, t. e. 
G a= EK MM (71). 


In the same way we may write as the general solution of 
the equation (66) 


Ji. being a new function which may be found from P’, in the 
same way in which R, is found from P, 


Transformation to the independent variable h = k’, $ 13. 


§13. Dr. Glaisher has shown that most of the formula 
relating to the elliptic integrals take a simpler form, if these 
quantities are considered as functions not of & itself, but of 
k'=h; the differential equations satisfied by K and G are in 
this case respectively 

TR ora a 
hh FJET (kK ~h) di 
ucc Kt o K, 


- lu= 0 (US), 


,d'u 
hh "dii = luz0 Da (A) 


u=c 0 +6, 


where we have put K =1 — A= k”. 
At the same time Legendre's function P, and the function 
Ji, associated with it, satisfy the general equations 


du E du d * 
hh dj * @ = A)ate@tiu=o col). 
s cds zh eb a 


,d'u 
hh qt mt 1) wes a seas 


u= P, tRy 
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In this form they appear as particular cases of the hyper- 
geometric series, and we have 


GE Caer a deeem (11), 
cn sn n, 0, A. one seneset (18), 
this last symbol being, as it is written, without definite 


signification. Instead of it, we may write the associative 
relation existing between P, and R, 


The second elliptic integral E and the corresponding general 
function, U,, $14. 


n? 


$14. The second elliptic integral Æ satisfies the differential 
equation 


OE » dE Rs , 
KA) mu tO) g t E=. 100090 (19); 
or, if 4 be taken as the independent variable, 
Mii eo cm 
hh da^ ay FE ESO eo. "IEEE (80), 


In connection with it we consider a general function U, 
satisfying the differential equation 


This is identical with 
IEA) SU l, O Jnonoanono eoo nac (82), 
For n=- }, we have 


The functions associated with U, $15. 


$15. We may easily find, by means of the processes 
indicated in part I, the functions V, associated with U, We 


have, in the notation of the hypergeometric functions 
== 5 O) 10) E (84), 


but this has no direct meaning as y=0. The differential 
equation satisfied by V, may be, however, directly found from 
this symbolic representation of V, Itis 


dE, dV 
hh ae. d Tn y,-0 steosotetone (85), 
and we have for n=- à 
OV ina. cateo «e (86) 
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Complete solutions of the differential equations of the second 
order satisfied by U, and V,, 816. 


$16. If we change & into X’, or A into A’, we transform 
the unaccented letters K, G, E, J into the accented letters 
K', Œ, E', I'. By this change the equations satisfied by 
K and G and also by P, and R, are not altered, but the 
equations satisfied by Æ and J and also by U, and V, are 
converted into one another. Writing U', V; for functions 
of À' of the same form as U, V, are of h, we have therefore 
for the second solution of the equation satisfied by U, the 
function V,’, and for the second solution of the equation 
satisfied by V., the function U,’. Thus we may write 


pee ap c 

hh Jii +2 Tht UH censos. 00000 (87), 
u=0,0,+c,V., 
¿Qu QU aie 

Mm mh T, pum esses (88), 


u — eV, +0 U, 


Transformation to the independent variable x, $ 17. 


$17. If we take in U, and V, as the independent variable 
the same quantity w, in which P, is usually expressed, we 
shall have the following differential equations satisfied by U, 
and V, respectively, 


d’ du, 
- 1 (lc 2)7. +n U = 0e (89), 
u=oeU,+eV,, 


"ws di 
(1- 2°) x (1 - 0) +n'u=0 son 


uzeV,-toU,. 


H n 


The associative relation existing between U, V, is 


quU. One 

us = pzgeeee ideis eats (91), 
dY, -wU, 

de c(1+z) e.nonnnecarnns -.. (92), 


c being an arbitrary constant, 
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Choice of the arbitrary constants, § 18. 


$18. The constant c entering in the associative relations 
between P, and R, and between U, and V, may be chosen 
arbitrarily, with the only restrictions that for n=- 4, when 
Pao La Un V, become K, G, E, I respectively, we must have 


G=E-WK, I=E-K, 


But we may find for them such values that the same 
relations will hold good for any value of n, ŭe. so that 
we shall have, independently of n, 


R=U-WP, V=U-P. 
In order to have this, we must take ¢ in the formule 
(64), (65) equal to 2n, and in the formule (91), (92),c=n 


(as will be seen from §20). We have then for these 
associative relations 


oe ee Ene (93), 
S ei 1) ess P (91), 
a MNT 
Du nu, kms. beo Ge) 


List of formulae involving P,, R,, Un Va $19. 


$19. I give in this section a list of the formule connect- 
ing P, R,, U,, V,, expressed in four variables z, k, h, 0, 
where 
z=1— 2h z1-—2hzc0820........... (97). 


Some of these formule have been found in the preceding 
sections, some others may be easily deduced from them by 
simple operations: i 

() 


ELE nf E 
0-7 2z 7 Fun (14 1)u=0, 
MS e P, T 65, 
o ai 
Q-a) TF +n(n+1)u=0, 


en ? 
uc eR, zb ok, ) 
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a du Ree 
G-r) zp * (1 2) 7 +nu=0, 


uz eU, e, V, 


u= Y +U, 


14 


dP, _ 2n R 
ime IET 
aR 

2R, (041), 
aU, nV, 
de 1a’ 
dv,__20, 
de 1-2’ 

(ii). 


à 7225 Q1 - 21) 2 En (n 1)u0, 


Ce oe, t eD 


d'u 


h (12) + +n(n+1)u=0, 
u — c, E, 4 c E, 

AGH E D + n'u =0, 
u=e,U,+¢,V,’, 

àü-B Te nO, 
u=c,V, + 0,0, 


i'n Hem 


P, -F(ntl-n, 1, 2), 
U,=F( n ,-n 1, 5), 
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III. 


d'u du 
d$ +2 cot20 Jà 


u=c,P, +0 P.. 


3^") 


+4n(n+4+1)u=0, 


T-a cot20 5 4 4n (n+ 1)u 20, 
u=0 BR, t c HE, 

m 2000204 An! u=0, 
u=c,U,+0,V,, 

m 2000295 


u=c,V,+¢,U,, 
dP 2n R, 
dö sin cos’ 


+4n'u=0, 


dB, 2 (n + 1) sin ô cos6P,, 
dU, 


> 2n tan 0V., 


E 2n cot 0U,» 


EL E) 3e (190) E + An (nt 1)ku=0, 


u=c P,+e,P, 


YOL. XXII, c 
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du 


1) AGA 4n (n 4- 1) ku=0, 


uc oH, t cR 


ncn? 
ka = E) GE 4 0 — BY + Antu =0, 
u coU, oV, 


RA) - (+R) 4 dolia e 0, 


u=cV +c,07, 


lon 3794 


I adjoin also the formule transformed to the variable 
$ =20, i.e. the angle $ for which cos$ =z. 
takes a somewhat simpler form in this case, as the numerical 
coefficients disappear altogether in the differential equations. 


Thus we have 


d'u du 

d$ + dia aw +1)u=0, 
u=¢,P,+ e,P/, 

d'u du 

dp erg ee dye t 


u=ch t o, RE, 


en 


d” d A 
Jp t eb 7 tn u=0, 
u=o,U,+0,V,’, 
2 
d 
dp ceog Ty tut 
u=0, V, t eU, 
E =-2ncec pH, 
Tre Qi DsagP, 
JO NT n sind 
db — 1+ coso " 
dV, n coso 
dp l—cosp ^" 
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Relations between three functions of the group 
£5 di O, V, 8 20. 


$20. The four functions P, R,, U,, V, constitute a 


n1 ni 


group of quantities most intimately connected with one 
another. Any of these quantities may be expressed by means 
of any two others linearly. It is known from Gauss’s theory 
of the hypergeometric series that we have 


F(a+1, 8+1, y+1, 2) 
1 : 
= 4 ¿[E(+1,8, y, x) — F (a, B, y, 2)] ...... (98), 
pra B, n a)= Fat, B41, Y+ 1,2) (99), 
de y 3 Y y , P] coe ; 
whence we find 


1 
= FR, y 2)= : [F (a+1, B, y, a) — F(a, B, y, 2)] (100). 
Putting here 


Eie. (Gay ques dis eese cosoocooc (101), 
we have 
d 
E -n^ l, 4) 5 {F (n+ 1, =n, 1, 4) -F (n, - n, 1, A), 
or else ni LSU, =P, E (102), 
or again, in virtue of § 19, 
P,= U. "- Fo 
1. e. independently of n, 
PEN E ee (103) 
In the same way we find 
C Gb E e gu (104), 


whence we may deduce also the expression connecting 
P, H, V and R, U, V. We have thus the following set of 


finite relations between P, R, U, V: 


RA memes (105), 

jg = (Ur du Em odboacoonoooco: (106), 

Ph- R S. M O ven woo oo (107), 

P+ R-U SO mos 
c2 
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Formule involving the derivatives of P., R,, Un V,, and also 
formule for Pry Baas Unnos Vans EC- $21. 

$21. Substituting for P, R, U, V, their values expressed 
by means of the derivatives of the corresponding associated 
function, we may find a group of formule giving the value 
of any derivative expressed by means of any two functions 
f th PR, U. Wer MEI CURA oe Pih 
M e group 1) n) n) Lu dh , dh 1 "dh ? dh >? 
Thus, e.g., we have 


dU. 


h v 


=n (AP, — R,), Soc, 

The number of such formule is 28, viz. (1) 8 expressing 
any quantities P, RR, U, V, by means of a second quantity 
together with its derivative, e. g. 


rp ^* dP, 
U, = h P, F n dh 1 
(ii) 4 expressions for the derivative of any of these quantities 
by means of two functions, e.g. 

dP, R 


di7-;,,;0U*A V), 

(iii) 8 expressions for the derivative of any of the two 
quantities by means of any other quantity together with its 
derivative, as 


dU „dP, 
Oh =nP +h e. ) 


(iv) 4 expressions for any of the quantities by means of the 
derivatives of any two other quantities, e. g. 
OWN C als 

S-a dh *» di! 
and, lastly, (v) 4 expressions for the derivative of any quantity 
by means of the derivatives of any two other quantities, 
as e.g. 

Ecl Le 

dh dh  dh' 
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Again, there exists a great number of relations connecting 
three consecutive quantities of the same kind, such as 


EN PEU AR AE OU GUSM, O 


nl? n-1) +41) n- ~ n+l) n=1) * n+1? n-1? 


orexpressing any of these 12 quantities, or of their deriva- 
tives, by means of any two other quantities of the complete 
series of 24 quantities, the 12 just written and their 12 
derivatives. The formule are analogous to the known 
relations between three consecutive spherical harmonics and 
other similar formule known in the theory of these functions. 


The quantities W and H, § 22. 


$ 22. Ihave mentioned in $5 a quantity W, introduced 
by Dr. Glaisher, who has found that it bears a close analogy 
to K, and the quantity H, which I introduced in the paper 
quoted above, as being connected with W by a relation 
analogous to that connecting Gand K. These two quantities 
appear now from the general point of view taken in this 
paper as the first elements of an infinite series of similar 
functions of the same kind. In fact, the quantity W 
satisfies the differential equation 


AQ - 4) 54 (1-20) 52.4 due 0 -— (109); 


whence we at once conclude that 


In the same way we have for the differential equation 
satised by M, 


A) T e gu =o eo EC (111), 

whence H-ch IDEAE aoe (112); 
or also we may write 

W=cP y Hach.) veee «a (113) 


Note. As n(n- 1) is left unchanged by the change of n 
into — (n-- 1), we have generally P,—.P,,, and therefore 
also R,= R (,,, if P, E denote generally any solution of the 
differential equations above. 
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Thus, W and H are, together with K and G, the first 
terms of the infinite series of functions 


Py Py P "n Papia Lol d 


Cpl eed ee aet 


or else they are the two middle terms of the series 
we Py Py Py PS ss 
wR, By Ry, By. 
Supposing K,, G, to denote K, G respectively, we shall 


write also 
2W=K,, H-G, 
and generally 


oP 


—(2i+1) + Ka e 


quu) 
and we have thus the two infinite series of functions 
An KR I 
Ca Gy 0, ..., 


of which the first two terms are known in both cases. 
Now as there exists a recurrent relation between any 
three P's or any three #’s, there exists a similar relation 
between any three K’s and any three G's; and knowing 
two of them we may construct any other. Thus, we may 
consider the whole series as known. 


The quantities K, G; $23. 


$23. The quantities K, G, introduced in the preceding 
section, constitute a class of functions which it is convenient to 
consider separately for themselves. The differential equations 
satisfied by them are 


,d'K, Es bes 
hh’ A A) GA G' - 3) K =0 (115), 
[s T + (0-4) &,=0....(116). 
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We shall denote by K; and G' respectively the same 
functions of h’ as K, G, are of hk. Thus the complete solutions 
of the equations just written are 


eK, eK, 
ACIE 0G. 

The differential associative relations between K, and G, arc 
dK, (9i 1) 


IE 7 4 Cpooecoonaoogooe (117), 
SST Ets (118), 


and, lastly, we have 
cK = F (44-2, & i 2, A) ............ (119). 
The quantities E, I, $ 24. 
$24. In the same way as we have defined the functions 


K,, G, as particular cases of P,, R, for 2n = odd integer, we 
define two new functions Æ, J, by the relations 


s^ 
o yis gg ein V. oaa nnn (120). 


We shall thus have an infinite series of functions 
Me E E. os 
Egi D 


234034 220% 
of which E,— E, =Z, are already known, and the others 
may be found from the known values of K, G., by means of 
the equations of $20. The differential equations satisfied by 
these functions are 


i ee | oues 
IK -ga E $+ [te + 1) + 4] B= 0...(121), 


ee e 
À E =h p t [2 (€ - 1) - 1] 4; 2 0...(122). 
The differential associative relations between E, and J, are 
dE, 149i 
di = ME di dg eossossoceeqeosseooe (123), 
dl, 1-22 
X C y PA seuss "T EDPÉPEOH (124), 
and, lastly, 


c,E, = F {$ (204 1), — 1 (2i 1), 1, A]... (125). 
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The complete solutions of the above differential equations 
are easily found to be 
e, E, + o I7 seesssscorscveeereee( 126), 


ed; E QU Tes geevessesesee (OS 
E/, I! denoting the same function of X as E, 1, are of h. 


Development of P,, Ray Un V, in series, § 25. 


$25. The hypergeometric expression of P,, U,, gives at 
once the development of the two functions in ascending powers 
of A, Thus 


Pmt- CAD SAA 


(n 4-3) (n - 2) (n - 1) 5(n — 1) (n-2) ,, 
A ————— aUa c y hi 4... (128), 


mctu 17,273" 
c, denotes here an arbitrary constant. 

It is easy to prove that U, contains 1 — À as a factor for 
every integer value of n, excepting n=0 (as U,=1). In the 
same way we may easily show that V, contains h, and A, 
À (1 — A), as factors. 

For if we put 4 — 1 in the series of U, we have 
n? (n*— 1°) n? (œ — 1°) (0-2) on 

nr POPER m 

—— EE 


Now from the differential relations existing between P, 
and R, U, and V,, we see that R, vanishes for h=0 and 
À' — 0, and V, vanishes for A — 1. 

We shall therefore consider three new functions u,, v,, Tw 
defined by the equations 

R,=0c,hkr, 


n-1? 


€, Uz 1— E + n’ (n'- r) pp 0-1) 00-2) 14...(129) ; 


(nU) 1-5. + 


U, so Mu, a, V mo Ao, (181). 


Hemark. Here, as everywhere, we denote generally by 
€, €, C &c. any arbitrary constants which may be different in 
different formule. Thus in the three equations (131) c, may 
be different in each case. 

We shall write also for symmetry 


D. m 0 p, eere e eeoeeasososs (192). 
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Thus the differential D satisfied by p,, 7, u,, Vay are 


pu ? a 
AW TERR K- y +n (n+1)p,=0...(133), 


ws +2(N' - mi a y tn(n+3)r, =0...(134), 
, d'u, : du, 

À Jg (h nat TA (n4 2) u,=0...(185), 

y a at As ¿en (142), =0...(136). 


All these functions are e eases of the hypergeometric 
Berles, viz. 
=F(n+1, -n,1, h)...........(197), 


er, =PF(n+ 3, —n, 2, 5) ees (138), 
cu. m Pun, 1, yas (139), 
c,0, =P (n +2, le, EL h) a (130). 
Thus we write at once the following series for p,, r, ,, 
Maa? AE : 
n(n+1), n(n42)s'-1* 
c, p, =] tau t A FQ. ries le 
_n(n+3) n Ese = 
EE ETT 
(n— 1) (a4- 2) dote oe 
Creel = D y" 9 A E 3 9? 1 
(n— 1D) (+4) —2'n'- 8 , = 
FA ev O 
nl, wln? 
Con a E 1 ile he DA Te 9* n 
n'—1! n! —9*q* = 3 
"UT E 4... (1483), 
gro mi n: 
Our = L pe 2 i —: 
a > 
El D 144 
== ts). 
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Examples of the four functions, $ 26. 


§ 26. Putting in these series 4 —0, 1, 2, &c. we find the 
following expressions for the first terms of the infinite series 
of functions p,, 7,, w,, v,, the first of them being the sphericak 
harmonic function. 

(i). 


P= 1, 

cp =1- 2h, 

c,p,=1- 6h +67, 

6,2, = 1 — 12h + 60h" — 25272, 


er, =1, 

cr, — 1-2, 

ejm 1— 5h + 5%, 

ef, =1— 9h + 21h’ — 142, 


cu =l- 3h, 

eu, 1— 8h+ 102, 

eu, = 1 — 155 + 45h? — 357, 
(v)* 

Cv, — 1, 

Cv, =2—- 3h, 

cw, = 3 — 12h + 102’, 

cw, = 4 — 30h + 60h? — 35%, 


ODO OOOO OOOO [ITIN D 


* In order to avoid fractions in the expression of v I have taken the constant 
equal to nc, instead of Cn, 
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Choice of the arbitrary constants, § 27. 


$27. The constants c, may be chosen arbitrarily. But 
we shall choose them so that P shall be identical with 
Legendre’s function usually designated by this letter. 
Therefore c, in (77) must be put =1, as also in the series 
(128), which follows from (77). Then also we shall have 
c,=1 in the corresponding expressions of R,, U,, V,, the 
constants in pP, 7,, 4,, v, remaining still arbitrary. Again 
we shall choose the constants c, in the expressions (114) so 
that for 2-0 they shall give the known functions K, G, E 
as also in (120), so that they shall give for 220 the known 
functions Æ, J. We may put for any n or 4 


Series for Kay Gy Ep Ia $28. 


$28. Putting in the series (128), (129) n— — $ (2i -F- 1), 
we shall have the corresponding series for K, G,; we may 
find also series for J£, I, from the relations (105)- (108), or 
also from the series (143), (144) for u,, v,. 

We find, by the first method, 


2K, | mp, POP, 
Lor the m uw 
(Te ER qeu 
x qu a eS c PTUS 
2G 21-1 E mid 4 
6" edle; cS our 
ee ase Ih (ut), 
2E, (141, 0-1-1£(00-1)-10.8), 
—=1- + 44+ ———d3Áá— + Rh 
7T 1 qe 9 
JA 1 "n. ND "pu sik 
O GERD DUGD E UOP cas, 
ibs 2 3° 
2] — +1, fi ue 103, 
T 23 


Em .3) i aD 103 


_ 1(1)- 101.3) E(D- 48.5) £()- 3057) ¿e lo 
Th a E TS nja Ei 
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Thus e.g. for (2 0, we find the known series 


2K A E 

sg te tan tutus 

2G 1 iL D 17,37. 5* 

ww ic E EU ie] a 
2E dee i EETA e 

P eta =p A 

21 gm Team, oes 1949 ony 

PP =- 6 =p ( Ce Xo €x e e iT IN” TA Ke "^ Lj 
COM ey agg tag. tt | 


The series for u,, v, give also 
A y ria 
$EDED p DEEP s, ay 
m. -aa O 
E (ORAS D ORO I EED p... 6n) 


whence we derive for 4 — 0 the new series 


2G ae SON IoT > 
=p =y Top A d dao 

Zae Presa D E Jasa), 

2E : 85: 95. aT = 

—=(1-10) (1431 tap” + ogee? e) open (153). 


Transformation to the variable x, $ 29 


$29. The functions P, R, Us V, and K,, G, E, Z, may 
be also developed in elegant series proceeding in ascending 
powers of the variable =1-—2%=%h'- h. The development 
of P, is known from the theory of spherical harmonic functions. 
That of R, may be found by simple integration of the series; 
and from the series for P, and R, those for U,, V, may be 
found by simple algebraical processes. Again by changing 
n into — 4 (22+ 1) we shall find series for A, G., E, aud 4. 
These series are for P, symbolically, 


P= F(—m, m+, 4, 2) .5252...(154), 
Prantl (— m, mà, 4, 2°) ...... (155), 


2 


www.rcin.org.pl 


THE COMPLETE ELLIPTIC INTEGRALS. 29 


or in developed form, writing n —2m or n=2m +1 in these 
formule, 


n(n41), 
met 21 
+ SS z*—... for n even ...... (156), 


(n +2) (n - 1) 1 
Pia2(1-S 


+ — De at.) for n odd ......(157). 
But we have 
R,=— 3 (n4 Y) fP,da 4- C. 
Thus taking in account also the second associative formula 


existing between P, and R, which determines the value of 
the constant, we fin 


I. 


A Ns 
A (n— 2) (n 4 1) (n +3) 


51 «s for n even ......(158), 


B, ——i(n41) (1+ = - ODO as... Jmoda (159), 


and, for any n, - 


U=1-?71,_0-D00-2 a 


11 21 


(n—1) (n-3) (n -?) |, 

E Le de DL... esos (160), 
" n—1 (n —- Y) (n2) , 

ZEN at” 


" (n — 1) (n — 3) (n3) a 


= cul. danh 
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II. 
E CE 1D, 
TT 
die CDE DED ay e Prot 
or else 
2K, on a (46-1) (47-9), 
P DIT 2,41 
4-1") (41-55 (41*— 9 
= d ^... (163), 


where the numerators of the coefficients contain the product 
of the difference of (22), and the powers of the numbers of 
the form 4p+1. For 7=0 we have 

2K 1? ERAL E 


V+ ay? taal t wor 


== zz qo E. oret ser Ot). 


Again we have for 29, the series 


39 2i Gi-De(1- 39 4 EDE » 


= ESA +...) — (165), 
or else 
2G, UL 4f-1* NA, 
Got qeu eur 2.51 

ME md m 200 +...) (169), 
e.g. fori=0 


2G 1 1-9 4, 1.5.9 
O (lt ets atta agr + )--(167). 


In the same way we have for Æ, and J, 


2E, 254-8 PY 47°—3797 4-7 2? 
lalt etat 3phs099) 


—— = 


2h 2:4 8 47° = 373° ~— A — 3 ee 


m IR. aa os re 
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This gives for ¿=0 


9E a x” 
Semis en 3L un Weage erc 
z 1+ §r—- 3 i 133 ar (170), 
ey 2 , 
Z-l-é$ie-intibgt IM (171) 


A property of the four functions Pa Ra U,, Va; Jacobi’s 
polynomials T, § 30. 


§ 30. It is known that we have, for Legendre's function P,, 
the following equation 


for any m not equal to n. 
The functions R,, U, V, possess similar properties, viz., 
we have 


+1 y U 
mE = U | A 17 
ae dæ =Q (173), 
+1 
I s dz 20 Vm not =n ....... (174), 
aub d 
*1 R 
RI BAP eo co.oss TM (175) 
Je Ta) (1-2) dr 0 Ui 2j 


Thus these four functions are particular cases of the 
functions 77 ,. Z, so denoted by Jacobi, which possess the 


property 
pa 


dais 

4 +z) (1-0) 
for m not equal to n. These functions were applied by 
Tehebicheff to the solution of the question of finding an 
integral algebraic function of given degree, deviating in 
certain given limits the least from zero. Our cases corres- 
pond exactly to those considered by Tchebicheff from a quite 
different point of view, viz. those corresponding to 


P E e (176), 


A=0, p=0, 
A=1, p=0, 
A=0, pl, 
nell, (pal, 
which give respectively P, U,, V, and R, 
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Expressed in the variable 4, we have generally 


TT 
j at dh m 0 eere (112), 
and particularly 
| EA (ey 
| E E cio os. e. Mn (119), 
9 
1 
| Vag j| eese (180), 
ò 
'R R 
[ ir dh = 0 exessisse ass a san Oly, 
and obviously also r 
f a SO nee ea 
[= 2 EN (188), 
9 
1 
Í Le — (184), 
Am 
GG, 
[FEF dim Oneseeres (185); 


we may write also 


mM n 


| ap.dr=0, | Ku u dh=0, [irte 0, f iss die 0. 


These equations may be proved in the following way. 
We have 


ES PAZ 


A e ar) die - f BaP, 


--i[ RAS JE Ze dh. 
n 0 

But R „ vanishes at both limits; therefore 

RR, a = =| ae ast f PP.dh=0, 


Q. E.D. 


: “tp 
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Having thus proved the formula for R we may find easily 
the corresponding expressions for U and V. q 

Thus the four functions appear once more to constitute 
one closed group of most intimately connected quantities 
completing each other. The generating function of any of 
them is included in the general expression 


{l+s+4+/(1 —2sx + 8) (1 -s+ — 252 +8)" «.:(186). 
V(1- 2sa + 5") 


Writing generally G (F) for the generating function of F, 
we have 


; 1 
=n 7 
G (Pa) vu = 2sx +s’) (18 » 


m .. (188), 


1 
Gym EEEpeM 


l+s 
G(T) o) ES - 


1-s 
G (V.) VU — 280+ s) ecseosusoovo (190). 


The numerators of the generating functions of U, V, are 
respectively the maximum and minimum values of the 
denominator. 


Another property of the same functions, § 31. 


$31. Itisalsoknown from the theory of Legendre’s functions 
that they may be represented as the n“ differential coefficient 
of a*—1, viz. : 
1.1 a&"“(2*-1)" 
m coerce tee 191 
TORREA- (191), 


or, putting x — 1 — 25, t.e. dz =- 2dh, 


a 2 e"[A(1- A) 
P,(h) o — di come 92). 


Consider the analogous expressions 


d” n 2-1 d" n- Alae 
H = pl (1-242) A= yo V (1-2) 


VOL, XXII. D 
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developing the expressions in brackets, we have 


i els n+l 
rO EER 


= E yn- nt! 
= MS 


Jil 


n! ys 
MO AA 
A pate n! (n2)! zi 
MEER * c eA 


But we have seen that 
sè- 1)... (e =D y 
(uy 
at 


Meme dE) 
LEE) (n=i—1)lililn ’ 
(Pi 5 
Ca p A 
=Y» (- A ep 1 i 
zn here a Cc we 
j” " A- 
thus Cea Tp [A (1— 4) 4 Googooooo (193), 
=( Ji d^ oi Ay 194) 
E m dp l ( sh il sesacevos ( ; 


where the constant factors are incorporated in the arbitrary 
constants c, 
In the same way we shall find 


=p 
Thus the complete system involves the four products 
Pa- PA", 
PA", I-A”, 


e, 


e m Ww (195). 


and p,, U,) Yay 7, are respectively proportional to the x‘? differ- 
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ential coefficients of these quantities, We tind for the functions 
PU, V,, R, the elegant formule 


n 


¢,P, = 5 py acm (196), 

e, U, — (1 — &) = =) NN (197), 
a Fa (M (1 — Ay) ........ (198), 

c, B, -- À (1- h) en [scs E dap. 


and it is easy to transcribe these formule for æ as the inde- 
pendent variable, writing L+a=2h, 131—222 (1— A). 


The notation of Weierstrass, $ 32. 


$32. Weierstrass uses, instead of K and Æ, the two 
functions œ, 7, of which the expression shall be given here- 
after, and instead of 4”, k^ the quantities e, €,, €, or also 
Du 5 A, A, thus defined: £ €n €, are the roots of the cubic 
in the denominator of the integral 


dy 


ATEO E. a 20D 
9» Ja are the invariants of this cubic 
49, = 4 (e e e) = — (ee eo, + eg)... (201), 
f, = G0 acoccoconccanaccopacnoooopoDooncaconoc 202) 
and (par e 230 Pocosdauotiodanobonacationoseobooc (203), 


4 its discriminant; thus 
A =9,° = 219, = 16 (e, = e) (e, E" e) (e, e)'...(204). 


Lastly TET. (205), 


Expressed in terms of the modulus 


Po) 2-1 1+/ 
fom OS mo 
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140A h-h ld lo 


or LEA , ^on CI a (201) 
whence also hes, Weis ac CEA UIS) - 
175 €,— €, 
Then, with these definitions, 
(ese naaa nooo is (209), 
y=-e€ 0 +y2.E=yM E-5(1+h') K)....(210), 
or else E a oo (211); 
4 ^ 
7 6,0 
E= we acoodóoobodoo Mediacednanees (U2) 5 


Whereas thus w corresponds exactly to K, y is more 
similar to G of Dr. Glaisher. 


i. 
Associative relation between w&™ and nd, § 83. 


§ 33. Introduce a new quantity, the absolute invariant J, 


de 
=. LN RTI ur ¿.. (213) 
and write for shortness, 

vA? =o nA" =n, ARA (214). 

Th de, k. 1 Pr Be 
a dJ ~~ gaya (4 —1) M ^y ee (215), 

dn, 4 1 TS 
aJ © gaya ITI) J ^e, ee (216). 


Thus w, and 7, are associated functions, and the equations 
satisfied by them are 
d'w 


JQ-J) tta- TAERE 


ee epa =p ae rig, = 0 ...(218). 


The first of these equations is already known; it hag 
been found by Brims (Dorpater Festschrift 1875: Ueber die 
Perioden der elliptischen Integrale. See also Halphen, Traité 
des fonctions elliptiques I. p. 314, whence 1 take the 
quotation). 
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Thus we may write 
co =F a ye h, J) (219), 
on, =F(- ds; -i hH J) ........(220). 


Relation between w and y, $ 34. 


§ 34. The quantities w and 7 themselves are in a relation 
similar to the associative relation which exists between 
w, and y, For if we denote by D the operator 


ə TO 
D= 129, = 
La 9v, +39, og,’ 
we shall have (Halphen, loc cit, pp. 307 and 308) 
DOED Whe eese (221) 


Dy = 49,0 ........ wed a (222), 
the operator D having the following property 
J INES Wie E age 


Differential equation of the first order satisfied by the ratio 2 5 
$ 35. 7, 


$35. I have shown in $ 10 that the ratio of any two associ- 
ated functions satisfies a differential equation of the first order 
and second degree. Since K and G,and also E and J, are 
associated functions, they satisfy a similar equation, as I 
have shown in my paper quoted above. Again as œ, and y, 
are associated functions they also must satisfy a differential 
equation of the said form. And in fact, if we put 


CC m 
75 0*4 eeeeee (124), 

JC EA E. - 
^ mme Tomos 225) 


we find the differential equations 


du 


24 y3 (J - 1) Ji dy tu + 12 =0......(226), 


dv à 
BS Dn ted w= (291) 


E * The differential equation of the first sides satisfied by the ratios - and 
7 has been given in my paper quoted above. 
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111. 


Geometrical illustration of some of the formule contained in 
this paper. 


Positive and negative association, § 36. 


§ 36. The associative property detined in the first part of 
this paper admits of a very elegant geometrical illustration. 

Suppose that we have transformed the equation satisfied 
by y to that independent variable which gives for this 
equation the form indicated in $ 6, ùe. 


LA=-c. 
We see from the eq. (26) that the new variable will be real 


only if the sign of c be the same as that of Q Thus we 


N 
have two different cases to consider c>0 or c « 0, and we 
may put 


c=+l. 
The two fundamental forms thus are : 
1 d'y 1 dA dy 


Adj dede 975 
giving oy sk 7 oe x — gre oosoeoooneooccc (228), 
or 4 i = wy Pg) AV ponadeeccoescor (229), 
and for the associated function 
AREE ee (230), 
or C cem Bnonouconc&ococ (231), 


where LA =+ 1 in the first case and — 1 in the second. 
We may write the last equations also in the following form : 


d'n 1 db dy _ 0 
ae. Lus dee 
din 1dLdg, — 
"eh res 


in which they involve the same function Z, which appears in 
the equations satisfied by y. 


i.rcin.org.pl 


THE COMPLETE ELLIPTIC INTEGRALS. 39 


The associative relations between y and 7 are in this case 


dy 1 
aa ME nu 
d» 
dis es 
dy 1 
i ds L^" 
dy _ 
de 


dy dy _ 
C d 
and in the second 
dy dy _ 
de da Y” 
ldy 1d» _ 
dr pA TEN PES 


If we take z, y as the polar coordinates (= 0, r) of a 
curve in the plane, and x, y as the polar coordinates (= 6, p) 
of the associated curve, we shall have from this equation the 
following property of the two curves: 


1 dr 1 dp 

r dÜ' p de 

Now, if we denote by y the angle which the tangent at 

any point of the first curve makes with the radius vector, 

and by r the angle which the tangent of the corresponding 

point of the second curve makes with the same radius vector, 
we shall have 


-— ne (233). 


venido aaa = 2 1 Gpegonncoodgncce. (234), 


if we define the corresponding points to be those on the same 
radius vector (i.e. for which @ 1s the same). 
This is the first case 
EAS OLD Weve eames ste (230) 
and in the second 
tanm = eo CO Meerensee 2:2: (230); 


i.e. in the latter case the tangents at the corresponding points of 
two associated curves are at right angles, and in the former case 
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the tangent of one of two associated curves and the normal at the 
corresponding point of the other make equal angles with the 
common radius vector. 

I shall call in the case c= 4-1 the two curves positively 
associated, in the second case c  — 1 negatively associated. 


Special case (i). Two circles, § 37. 


$37. In the simplest case when L = A= c, we have seen 
in § 5 that the functions y, 7 are cos@ and sin@ respectively ; 
thus, if we draw the curves 


r= c cos, 
s 

p - sind, 
c 


€ being any constant, we shall have 


ldr ldp — 1 
cae) rad. wes 
and the two curves are negatively associated. 

These equations represent two circles, the centre of ona 
of them being on the axis of v, that of the other on the axis 
of y. Thus the radii through one of the common points of 
the circles are at right angles. But then the radii through 
the second common point are also at right angles or the 
circles cut each other orthogonally. Thus we have the 
theorem : 

Jf we draw a straight line through one of the points of 
intersection of two circles cutting each other orthogonally, this 
line shall meet the two circles in two other points such that the 
tangents at these points to the circles shall be at right angles to 
each other; or, in other words, the radii through the 
points of intersection of this line with the two circles are at 
right angles. 

More generally, taking account also of the other points 
of intersection of these radii with the circles, and of the 
second point of intersection of the two circles, we may 
enunciate the following proposition : 

If we draw through the centres of two circles cutting each 
other orthogonally any two straight lines at right angles, these 
lines. shall intersect the circles in two pairs of points such that 
each pair of them shall be collinear with the corresponding point 
af intersection of the two circles. 
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Thus, in the figure the radii O,H, O,H drawn at right 
angles intersect the circles in the points B, C and A, D, and 
we have the collinear systems 


ASC, CDS, BS,A, BDS, 
Special case (i). The hyperbolic sine and cosine, $ 38. 
§ 38. In the same way we find the corresponding property 
for the case of the hyperbolic sine and cosine. The figure 


shows the curves 
r=c(e+e"), 


poc(é-eé*. 
As in tbis case we have 
ldr 1do 


sy 
[4 


this equation shows that if we draw any radius vector such 
8s OH, intersecting the hyperbolic sine curve in s and the 
hyperbolic cosine curve in c, then tho tangent at c and the 
normal at s to the corresponding curves make equal angles 
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with OR, or the triangle cAs is isosceles. The same is true 
for the triangle s.Bc, of which the sides sB, cB are respectively 
the tangent at s to the sinh-curve and the normal at c to 
the cosh-curve. 


Special case (iii). Legendre's Functions, $ 39. 


§ 39. We have investigated in this paper some properties 
of the function R, associated with Legendre’s function P,. 
We have seen that if 0 be the independent variable the 
equations of associative relation are 


dE am, 
dÓ sin cos’ 
D. z 2 (n + 1) sin 0 cosOP,, 
e JN 
whence P d’ E d =— n (n+1) ......(237). 
The right-hand side becomes equal to + 1 for n = — 3, ùe. 


when P, R, become K and G respectively. 
In the same way we have for our new functions U, V, 


the relation E 
LdU eai A A 
T, ET . y. dé = — 4n veo onene a (238) 
which becomes equal to — 1 for n — £3. But in this case 
the functions u,, v, themselves become E and J respectively. 
Thus we have to consider only these cases of our system of 
four functions P,, R,, U,, V. 


Special case (iv). Elliptic Functions, $ 40. 


$40. The considerations of the last section lead us to the 
following propositions. 
lf we draw the curves represented by the equations 
RE e K, P= o,G, 
r=c LE, pco, 
the modular angle 0 being taken as the polar angle in polar 
coordinates, then (1) the tangent to one and the normal to 


the other of the curves (K) and (E) at points lying on the 
same radius vector shall make equal (or rather supplementary) 


www.rcin.org.pl 


THE COMPLETE ELLIPTIC INTEGRALS. 48 


angles with this radius vector, and (2) the tangents to the 
curves (E) and (£) shall be at right angles to each other. 
Or, in other words: 

A radius vector through the origin constitutes (1) with 
the normal of one of the curves (K), (G) and the tangent to the 
other at the points of intersection an isosceles triangle, and (2) 
with the normals or tangents of the curves (Æ), (Z) a right- 
angled triangle. 


iK A 
a ve 


E 


I have drawn on the figure the curves representing the 
four elliptic integrals K, Œ, E, Z The constant c has been 
taken equal to 1 for G, E, J, and to 4 for K, in order to 
reduce the dimensions of the figure. "With these constants 
the curves 4€, E, J intersect in the same point. 

The radius OR drawn through the origin O meets the 
four curves in the points g, 7, k, e. The tangent kA at k 
to £4, and the normal gA at y to G meet in A, and gAk is 
an isosceles triangle. Again, the normals eB and 7B at e and 
1to E and J meet in B and cut here at right angles. 
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